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Abstract 
A statistical investigation of the effects of random 
mistuning on the forced response of nearly cyclic as- 
semblies made of mono-coupled, single-mode compo- 
nent systems (blades) is presented. Various proba- 
bilistic methods of analysis are applied to  generate 
the statistics of the forced response: an analytical 
first-order statistical perturbation method, a purely 
numerical Monte Carlo simulation, and a hybrid ap- 
proach that combines the first two. Means and vari- 
ances of the component systems' amplitudes are ob- 
tained. The limitation, accuracy, and computer costs 
of the various techniques are discussed. Also, the ef- 
fects of the system parameters on the expected value 
of the largest amplitude experienced by the assem- 
blies at any excitation frequency are investigated. It 
is found that weakly coupled systems are more sensi- 
tive t o  mistuning than strongly coupled ones through 
a greater increase in largest amplitude, and that the 
accuracy of the various approaches depends strongly 
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1 Introduction 
Because of manufacturing and material tolerances, 
some degree of blade mistuning is inevitable in 
bladed-disk assemblies. Such small mistuning may 
increase the vibrational amplitudes of some blades 
significantly and result in the unexpected damage (or 
failure) of these blades. The extent to which blade 
mistuning affects the vibrational amplitudes is a ma- 
jor concern in the design of blade assemblies. 
A number of studies to predict the increase in 
the maximum amplitudes experienced by blades have 
been conducted through the analysis of determin- 
istic mistuning arrangements (see the survey paper 
by srinivasanl and the references contained therein). 
However, the mistuning distribution in a given as- 
sembly is randomly selected from a large population 
of blades. Therefore, the increase in maximum am- 
plitude due t o  rnistuning is expected to vary among 
the individual ensembles of a population of bladed- 
disk assemblies. In order to account for the influence 
of mistuning in the design of bladed-disk assemblies, 
a statistical analysis of the forced response must be 
performed by considering the modal properties of the 
blades as random variables. 
Sogliero and srinivasan2 applied Monte Carlo sim- 
ulation techniques to estimate the fatigue life of mis- 
tuned blades. Griffin and ~ o o s a c ~  also generated the 
statistics of the forced response by a Monte Carlo sim- 
ulation of a large number of bladed-disk assemblies. 
The advantages of Monte Carlo methods lie in the 
accuracy of the results and the simplicity of the algo- 
rithm. However, because of the high computer costs, 
only limited results can be generated through Monte 
Carlo simulation, especially for parametric studies of 
systems with large numbers of degrees of freedom 
(DOF). Therefore, alternative approaches must be 
considered to calculate the statistics of the forced re- 
sponse. 
Several analytical procedures were developed to 
generate the statistics of each component system's 
amplitude. ~ u a n ~ ~  considered blade mistunings as 
statistical variables and developed a perturbation 
method to generate the expectation and variance of 
the blades' vibrational amplitudes. However, his ap- 
proach could only be applied to blade assemblies with 
very closely spaced blades. sinha5 combined first- 
order perturbation methods with statistical theory to  
yield the probability density functions of the blades' 
amplitudes for mistuned systems with an arbitrary 
number of blades. Although the mistuning distri- 
bution was assumed to be Gaussian in this study, 
Sinha and Chen6 later extended the approach to non- 
Gaussian distribution~. Nevertheless, the accuracy of 
these techniques was found to depend strongly upon 
the amount of damping and blade mistuning. For in- 
stance, significant errors were observed for systems 
with low damping ratios or relatively large mistuning 
strengths. Also, as will be seen later, some important 
statistical properties of the forced response such as 
the mean and variance of the largest amplitude expe- 
rienced by an assembly cannot be generated through 
these analytical techniques. Therefore, although such 
analytical approaches can reduce the computer costs, 
there are always some significant limitations associ- 
ated with them. It is very important to identify such 
limitations before applying those techniques, as oth- 
erwise erroneous conclusions could result. 
Two issues are addressed in this paper. One is to 
develop and review various probabilistic approaches 
to obtain the statistics of the forced response of mis- 
tuned systems. The limitations, accuracy, and com- 
puter costs of these methods are discussed. The other 
is to study the effects of the system parameters on the 
statistics of the forced response of a simple bladed- 
disk assembly model. Two key parameters governing 
the sensitivity of the forced response have been shown 
to be the mistuning strength and the interblade cou- 
pling strength.72a Here, the effects of these parame- 
ters on the expected value of the largest amplitude variable whose statistical properties can be obtained 
are studied systematically. This is achieved through from the survey of a large population of manufactured 
the application of Monte Carlo simulation techniques blades. 
as well as statistical perturbation methods described 
in section 3. 3 Solution Techniques 
2 Equations of Motion 
The nearly cyclic assembly of N coupled compe 
nent systems (blades) shown in Fig. 1  is studied. 
Each component system, consisting of a single-DOF 
oscillator with viscous damping, is coupled to the 
adjacent component systems through linear springs. 
This system has been used by Wei and ~ierre"%s 
a simple model of continuously shrouded bladed-disk 
assemblies to  study localized free and forced vibra- 
tions in mistuned assemblies. For simplicity, mistun- 
ing is assumed to originate from discrepancies among 
the component systems' stiffnesses. The equations of 
motion are given by 
The statistics of each blade's vibrational amplitude 
can be obtained by the following methods. 
3.1 Monte Carlo Simulation 
The Monte Carlo technique is a purely numerical 
simulation of the probabilistic behavior of the system. 
It can be outlined by four steps: 
1. An ensemble of mistuning values, (A f ; ) i = ~ , . . . , ~ ,  
is generated from a random variable generator 
with given statistical distribution; 
2. The modal properties of the free undamped sys- 
tem are obtained by solving the N-DOF eigen- 
value problem numerically; 
1 
h + X w s p  + w? [All = K E  - 3. Modal analysis is applied to obtain the force re- 
sponse amplitude of each component system; 
where 
0 
0 . . .  0 -R2 1 + 2 R 2 + A f N  
(2) 
-R2 I 
is a "nearly cyclic" matrix, and 4. Steps 1-3 are repeated many (say several hun- 
The external force adopted here is a traveling wave 
excitation which has been widely used for bladed- 
disk assemblies in the l i t e r a t ~ r e . ~  Two key dimen- 
sionless parameters in Eq. (2) are R2 and A  fi: R2 is 
the dimensionless coupling between component sys- 
tems and A  fi represents the dimensionless rnistun- 
ing strength for the ith component system. In the 
subsequent developments A  fi is considered a random 
dred) times, thereby generating the statistics of 
the response amplitudes by averaging over an en- 
semble of realizations of the mistuned system. 
Even though the results are accurate when the sam- 
ple size is large, Monte Carlo simulations are highly 
expensive. 
3.2 Hybrid Statistical Perturbation 
Method Via Free Response 
This method, which combines perturbation theory 
with Monte Carlo techniques, basically consists of a 
Monte Carlo simulation of the perturbation results. 
It is different from the Monte Carlo simulation de- 
scribed in the previous paragraph in that the modal 
properties of the free undamped mistuned system 
are obtained as perturbations of those of the tuned 
system (see Ryland I1 and ~eirovitch'', Courant 
and ~ i lbe r t " ,  or Appendix A). An advantage of 
this method is that instead of solving an N-DOF 
eigenvalue problem for each mistuning pattern, only 
(% - 1) if N is even, or 9 if N is odd, 2-DOF 
eigenvalue problems need to be solved by this pertur- 
bation method (due to the double eigenvalues of the 
tuned system). Therefore, the computer cost in the 
second step is significantly reduced. Also, the method 
retains the accuracy of the Monte Carlo simulations, 
as second- or even higher-order perturbation schemes 
can be used. 
3.3 Hybrid Statistical Perturbation 
Method Via Forced Response 
This method is similar to the one described in the 
previous paragraph, but here the forced response am- 
plitude of each component system is obtained directly 
as a perturbation of that of the tuned system (see 
Appendix B). An advantage of this method is that 
instead of solving eigenvalue problems and applying 
modal analysis in steps 2 and 3, the amplitudes are 
obtained directly from the perturbation of the forced 
response of the tuned system. Therefore, the com- 
puter cost in the second and third steps is reduced. 
3.4 Analytical Statistical Perturba- 
tion Method 
Here perturbation methods are combined with 
multivariate statistical analysis (see Soong and 
~ o ~ d a n o f f ' ~ ,  Collins and Thomson13, and the review 
paper by Ibrahim14). From the first-order pertur- 
bation method (see Appendix B), the steady-state 
forced response displacement of each component sys- 
tem can be expressed as 
where qoj is the displacement of the ith component 
system for the tuned assembly and 6qi accounts for 
the displacement change due to  mistuning. 
For convenience, the steady-state displacements 
are written as 
where Qi, Qoi, and 6Qi are time-independent com- 
plex amplitudes which depend on the system param- 
eters and the excitation frequency. Qoi and 6Qi are 
obtained in Appendix B. Note that the vibrational 
amplitude of the i th  component system is the mod- 
ulus of Qi. The first-order approximation of the ith 
component system's amplitude is 
where the first-order variation of the amplitude due 
to mistuning can easily be shown to be 
and the mathematical expectation of the change of 
the ith component system's amplitude is 
Re(Qoi) 
E(6IQi I) = -
IQoi I 
lm(QOi) Im[E(6Qi)l Re[E(bQi)]+- IQoi I 
. . . -  . 
(8) 
The expectation (or mean) of 6Qi is, from Eq. (B.14), 
where aikl is derived in Appendix B. If the mean value 
of mistuning is zero, then E(6Qi) = 0. Therefore, the 
expectation of each component system's amplitude is 
E (  IQi I) = IQoi l i =  1, . . . ,  N (10) 
Hence, to the first order, the mean amplitude of a 
given component system is the unperturbed one, that 
is, the tuned system's amplitude. Note, however, that 
this would not be true for the maximum amplitude 
throughout the assembly a t  a given excitation fre- 
quency, or for the largest amplitude experienced by 
the assembly at any excitation frequency, for which 
the mean is not equal to the tuned, or unperturbed, 
value. 
The variance of the ith component system's ampli- 
tude is (for mistuning with zero mean) 
where E ( A  f lA f,) defines the covariance matrix for 
the random variables (Af i ) i= l , , . . , ~  of mean zero. 
The Afi's can be considered to be independent (and 
therefore uncorrelated) and identically distributed 
variables, because the blades of a given assembly are 
selected individually from a large population. There- 
fore, under this assumption, 
where a i j  is the variance of mistuning. Hence, the 
variance of each component system's amplitude can 
be simplified as 
Eqs. (10) and (13) give the expectation and vari- 
ance of each component system's response amplitude 
for independent (uncorrelated) blade mistuning vari- 
ables with zero mean. In general, the variances of 
the blades' response amplitudes can be obtained eas- 
ily from Eq. (11) for correlated mistuning variables 
of given covariance matrix E[A fr Af,]. Also, it is 
worth noting that the probability density functions 
of the amplitudes can be derived from Eqs. (7) and 
(B.14) directly. The  advantage of this analytical ap- 
proach is that it can be applied to  systems with any 
number of blades and to non-Gaussian distributions 
of the component systems' modal properties. 
4 Results and Discussion 
Here the results obtained by the hybrid and ana- 
lytical statistical perturbation methods are compared 
with those of Monte Carlo simulations; the lirnita- 
tions, accuracy and computer costs of the various 
techniques are discussed. In the Monte Carlo simula- 
tions, samples of five hundred assemblies were gener- 
ated to calculate the statistics of the forced response. 
Also, the effects of system parameters on the statis- 
tics of the forced response are investigated. For sim- 
plicity, the statistical distributions of the rnistuning, 
Afi, are assumed to be identical and Gaussian with 
standard deviation aaj and zero mean. 
Fig. 2 displays the statistics of the first compo- 
nent system's amplitude, in terms of excitation fre- 
quency, obtained by analytical statistical perturba- 
tion method (SPM) and by Monte Carlo simulation. 
The analytical SPM yields very accurate results for 
this set of parameters and the computer cost was 
found to  be only two hundredths of that of the Monte 
Carlo simulation. Therefore, the analytical SPM is 
preferred here to  generate the statistics of the individ- 
ual component system's amplitudes. Unfortunately, 
not all the statistical properties of the forced response 
of the assembly can be calculated by the analytical 
SPM. For instance, the maximum amplitude through- 
out the assembly at a given excitation frequency can 
only be obtained by considering the forced response 
amplitude pattern for each mistuning configuration. 
Hence, the expected value of the maximum ampli- 
tude cannot be derived analytically. In this case, the 
hybrid SPM must be applied instead. 
Fig. 3 shows the expected value of the maximum 
amplitude in the frequency domain, by both Monte 
Carlo simulation and hybrid SPM via forced re- 
sponse. The hybrid SPM provides accurate results 
for this set of parameters without solving the eigen- 
value problem and applying modal analysis. How- 
ever, as mentioned by sinha5 and Wei and pierre', 
the accuracy of a perturbation method based on the 
forced response deteriorates as the ratio of mistuning 
strength to damping ratio increases. For instance, 
Fig. 4 is for the same parameters as Fig. 3 except that 
the damping ratio is decreased to 0.01. It  is observed 
that the hybrid SPM via forced response significantly 
overpredicts the Monte Carlo result at excitation fre- 
quencies close to the resonant frequency. Therefore, 
other methods should be considered for such systems 
with low damping ratios. Here, the hybrid SPM via 
free response is adopted. 
Fig. 5 displays the expected value of the maximum 
amplitude in the frequency domain by Monte Carlo 
simulation and hybrid SPM via free response. It  is 
shown that for the same set of parameters as in Fig. 
4, the hybrid SPM via free response generates much 
more accurate results than the hybrid SPM via forced 
response for this low damping ratio. In fact, the ac- 
curacy of the hybrid SPM via free response is insen- 
sitive to the value of the damping ratio, which is a 
clear advantage of the method over a forced response 
formulation, especially for systems with low damp- 
ing. Nevertheless, as discussed by Wei and pierre7, 
the accuracy of this method depends on the ratio of 
mistuning strength to coupling strength. For weak 
coupling, very significant errors may be generated by 
considering mistuning as a perturbation. This is ob- 
served in Fig. 6, which compares the hybrid SPM via 
free response with the Monte Carlo simulation in a 
weak coupling configuration (R = 0.1). In this case, 
the modified perturbation method described by Wei 
and pierre7 that treats the small coupling as the per- 
turbation parameter should be used. However, if the 
ratio of mistuning to coupling is of the order of one 
(that is, in the intermediate cases), to the authors' 
opinion, only Monte Carlo simulations can be applied 
effectively, as none of the perturbation schemes yield 
satisfactory results. 
An objective of this paper is to carry out a para- 
metric study of mistuning effects. Therefore, in the 
rest of this section, Monte Carlo simulations are per- 
formed to study the effects of the system parameters 
on the statistics of the forced response. However, re- 
sults obtained by other approaches are also presented 
for comparison in some cases. 
Fig. 7 shows the expected value of the largest am- 
plitude throughout the assembly at any excitation 
frequency versus the interblade coupling for various 
standard deviations of rnistuning. It  is observed that 
for the tuned system (aa = 0) the largest amplitude 
decreases monotonically as the cuupling increases. 
Nonetheless, for the rnistuned systems, the largest 
amplitude increases to  a maximum value as coupling 
increases from zero, then decreases as coupling fur- 
ther increases. Also, the increase in largest amplitude 
due to mistuning is more significant for small values 
of the interblade coupling. Therefore, weakly cou- 
pled systems are more sensitive to  mistuning than 
strongly coupled ones through a greater increase in 
largest amplitude. 
The effect of the number of component systems 
(blades) on the mean largest amplitude ratio, which 
is defined as the ratio of the mistuned system's mean 
largest amplitude to  the tuned system's largest am- 
plitude, is shown in Fig. 8. It is observed that,  glob- 
ally, increasing the number of component systems in- 
creases the largest amplitude ratio, that is, the effect 
of mistuning increases as the number of blades in- 
creases. Also, it is found that the largest amplitude 
ratio is larger for weakly coupled systems than for 
strongly coupled ones; hence, weakly coupled systems 
are more sensitive to mistuning. 
Fig. 9 displays the mean largest amplitude versus 
the number of component systems for a strongly cou- 
pled mistuned system by various statistical methods. 
Again, one observes that the hybrid SPM via forced 
response significantly overpredicts the largest ampli- 
tudes a t  this low damping ratio, whereas the hybrid 
SPM via free response generates very accurate re- 
sults. 
Fig. 10 displays the mean largest amplitude versus 
the mistuning standard deviation for various coupling 
values. It is shown that,  for any nonzero coupling, the 
largest amplitude increases linearly as the mistuning 
standard deviation increases from 0 to approximately 
0.1 percent, reaches a maximum value at a certain 
mistuning standard deviation, then decreases as the 
mistuning standard deviation further increases. This 
behavior can be explained by the analytical SPM. It is 
known from the first-order result of Eq. (13) that the 
standard deviation of each component system's am- 
plitude increases linearly as the standard deviation 
of mistuning increases. Therefore, we may expect as 
well the mean largest amplitude to  increase linearly 
with the mistuning standard deviation. However, the 
accuracy of the analytical SPM depends on coupling, 
mistuning, and damping, the method being valid only 
for aaf /R2 5 O(1) and aaf /C 5 O(1). Hence, 
for < = 0.001, the analytical SPM is only valid for 
mistuning standard deviations approximately smaller 
than 0.1 percent, which explains that the linear in- 
crease of the mean largest amplitude only occurs in 
the mistuning range from 0 to 0.1 percent. Also note 
that the slopes of linear increase are different for var- 
ious interblade couplings and that the slope appears 
larger for weak coupling, indicating again that weakly 
coupled systems are more sensitive than strongly cou- 
pled ones. From this figure, one can also see that the 
largest amplitude of a mistuned system does not nec- 
essarily decrease as the mistuning standard deviation 
decreases-an interesting result. 
Fig. 11 shows the mean largest amplitude versus 
the mistuning standard deviation for a larger damp- 
ing ratio < = 0.01. It  is observed that the range 
of linear increase of the largest amplitude is much 
greater than that in the previous figure, as it extends 
to mistuning values of up to 1 percent. Therefore, 
as the damping ratio increases, one can expect the 
range of mistuning strength which leads to a linear 
increase of the largest amplitude to increase. Fig. 12 
is for (' = 0.1 and confirms this finding. Finally, it 
is observed in Figs. 11 and 12 that the hybrid SPM 
via free response provides very accurate results for 
the strongly coupled mistuned system; hence, this 
method can be applied to study the effects of mis- 
tuning standard deviation on the forced response of 
strongly coupled systems efficiently. 
5 Conclusions 
The following conclusions can be drawn from this 
study: 
0 Various approaches were presented to  calculate 
the statistics of the forced response of mistuned as- 
semblies. Their accuracy depends on the relative 
magnitudes of coupling, mistuning, and damping. 
The analytical SPM and hybrid SPM via forced 
response are only valid for uAf /R2  < O(1) and 
U A  /< 5 O(1). The hybrid SPM via free response 
can be applied to systems with u A f / R 2  5 O(1) and 
any damping ratio. For systems with u A f / ~ 2  = 
0(1) ,  only Monte Carlo simulation can be used. 
0 In the design and manufacturing of bladed-disk 
assemblies, a decrease in mistuning strength (that is, 
a decrease of the manufacturing tolerances) does not 
necessarily lead to a decrease in the largest amplitude 
throughout the assembly. Only in the range uAf /< 5 
O(1) is it certain that reductions in manufacturing 
tolerances decrease the largest amplitude. 
Weakly coupled systems are more sensitive to 
mistuning than strongly coupled ones through a 
greater increase in largest amplitude. 
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Appendix A : Perturbation The- 
ory for Simple and Multiple 
Eigenvalues 
and 6; = 1 for k = j, = 0 otherwise. Assuming 
that the eigenvalues of (A.5) are distinct, then the 
orthogonal matrix [aik] and the 6&'s are determined 
uniquely. Let us select our new unperturbed eigen- 
vectors as UZi given by Eq. (A.4) for i = 1 , .  . . , a,  and 
Q:i = Uoi for i > a ,  and choose their norms to be 
1. Also define dji = ( z i ) T  [6A]u;j. The first-order 
perturbation of the eigenvalue is given by 
and the first-order perturbation of the eigenvector is, 
Consider the eigenvalue problem where 
Eii  = 0 (A91 
( [A]  - X[II)IL = 8, and 
where [A] = [A,] + [6A]. The eigenvalues and eigen- dij 6 . .  = 
vectors can be approximated by perturbation theory, '3 i > a or j > a, i # j (A10) Xoi - Xoj 
and one can write, to  the first-order: 
1 N 
E i j  = dikdkj d.. - d . .  " 3' k=a+l 
Xi  = Xoi +6Xi, i = 1, .. ., N. (A3) i j a  and j j a ,  i # j  (A l l )  
Assume that only one a-fold multiple eigenvalue The case where all eigenvalues are simple is a special 
exists in the unperturbed system, that is, Xol = . = case of the above results for a = 1. 
A,, = A ,  while for i > a the remaining eigenvalues For the system studied in this paper, the unper- 
Xoi are simple. The first step is to  find the suitable turbed matrix, [A,], has (resp. f )  double eigen- 
set of cu eigenvectors associated with A from which to values for N odd (resp. even). Therefore, Eqs. (A .4  
perturb. This suitable set is found from the original A.6) must be repeatedly solved (resp. G) times 
for N odd ( r e s p .  even) with a = 2 to obtain the suit- where 
able set of eigenvectors from which to perturb. Then, 
p e j &  Eqs. (A.7-A.ll) are applied to obtain the first-order 
1 
Qoi = (7)(An+l 
perturbation of eigenvalues and eigenvectors. mwb - $1 + j(%%) (B9) 
Appendix B: Perturbation and 2xn 
Method Via Forced Response of A , + ~  = 1 + 2 ~ ~ ( 1  - cos -). N (B10) 
Tuned System Eq. (B.7) can be decoupled by using the same 
modal matrix, [PI, whose columns are the eigenvec- 
The forced response of the tors of the tuned system, uoi. Introducing 69 - = [P]bV 
tuned system is obtained as a perturbation of that of into Eq. ( ~ . q ,  bV is obtained as 
- 
- the corresponding tuned system. From the equation 
(B4) 
1 
Ti = i = 1 , .  . . , N (B12) 
(Aoi - $1 + j (2CE) 
[&Ac] = 1 (B5) 
and Mi is the generalized mass (the square of the 
norm of uo i ) .  The first-order perturbation of each 
0 ... . . .  component system's displacement is obtained as 
q, is the forced response of the tuned system, and Sq - - N 
accounts for the effect of mistuning. 
6qi = Pik 6vk = 6Qi ejWt  i =  1, . . . ,  N 
Introducing Eqs. (B.2, B.3) into Eq. (B.l) and 
k = l  





N N  + 2Cwb& + w;[A:]~o = -2 - m 6Qi = C aitl Afl 
k = 1  I = l  
(B14) 
6q -+ 2Cwb6q - + w ~ [ ~ ~ ] 6 q  - = - w i [ 6 ~ ~ ] ~ ,  - (B7) 
The solution of Eq. (B.6) is the forced response of T k  aikl = -- 
Mk 
P i k  f i k  Qoi 
the tuned system and can be obtained by modal anal- 
P 1 5 )  
ysis. The displacement of component system is where Pik and Pkl are elements of the modal matrix 
Figure 1: Geometry of nearly periodic structure with cyclic symmetry. 
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Figure 2: Comparison of the expected value and standard deviation (upper three-a bound) of the first 
component system's frequency response by analytical SPM and Monte Carlo simulation, for C = 0.1 and 
R = 1.0. 
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Figure 3: Comparison of the mean maximum amplitude by hybrid SPM via forced response and by Monte 
Carlo simulation, for (' = 0.1 and R = 1.0. 
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Figure 4: Comparison of the mean maximum amplitude by hybrid SPM via forced response and by Monte 
Carlo simulation, for (' = 0.01 and R = 1.0. 
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Figure 5: Comparison of the mean maximum amplitude by hybrid SPM via free response and by Monte 
Carlo simulation, for ( = 0.01 and R = 1.0. 
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Figure 6: Comparison of the mean maximum amplitude by hybrid SPM via free response and by Monte 
Carlo simulation, for (' = 0.01 and R = 0.1. 
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Figure 7: Mean largest amplitude throughout the assembly a t  any excitation frequency versus coupling, for 
C = 0.001 and various mistuning standard deviations. 
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Figure 8: Mean largest amplitude ratio throughout the assembly at any excitation frequency versus number 
of component systems, for C = 0.001 and various couplings. 
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Figure 9: Comparison of the mean largest amplitude by hybrid SPM via forced response, hybrid SPM via 
free response, and Monte Carlo simulation, for C = 0.001, R = 1.0, and various numbers of component 
systems. 
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Figure 10: Mean largest amplitude throughout the assembly at any excitation frequency versus mistuning 
standard deviation, for C = 0.001 and various couplings. 
Figure 11: Mean largest amplitude throughout the assembly a t  any excitation frequency versus mistuning 
standard deviation, for C = 0.01 and R = 1.0. 
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Figure 12: Mean largest amplitude throughout the assembly a t  any excitation frequency versus mistuning 
standard deviation, for C = 0.1 and R = 1.0. 
